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The contact interaction of two elastic solids of identical materials, one of which possesses a sloping
surface groove of small depth, under simultaneous application of a normal load and a proportional shear
load is studied without involvement of the incremental approach. The relative tangential shift of the
surfaces arises within the intercontact gap due to the action of the tangential stress. The contacting sur-
faces are in stick in the contact regions. The contact plane problem is reduced to a set of singular integral
equations for height of intersurface gap and relative tangential shift of the boundaries. For the grooves of
the speciﬁed shapes, the solutions of the contact problem are obtained in a closed form. The method of
ﬁnding these solutions is generalization of the method developed in our earlier work (2005b), where the
analytical solution for the groove of the simplest shape, was obtained.
The analysis of contact parameters of the contacting couple due to the applied loading is carried out.
Based on the classical strength criteria, the most possible crack-initial and plastic yielding zones are
found.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
In the last decades, the demands for predict and prevent fret-
ting-fatigue and fretting-wear stimulated the growing attention
to the stick-slip contact problems (Johnson, 1985; Hills et al.,
1993). The variety of machine components forms, in which fretting
phenomena are observed, leads to the development of methods for
solving such contact problems in bodies with surfaces of different
shape.
When classifying stick-slip contact problems by the form of
body-surfaces, Urriolagoitia Sosa and Hills (1999) separately dis-
tinguished problems for bodies with conforming surfaces. The
main feature of such problems lies in the following: the contact
area is equal to the entire or almost complete body-surfaces; and
the areas of loss of direct mechanical contact as well as the slip
zones have a local character. The ﬁrst contact problems for bodies
with completely conforming surfaces were, likely, examined in the
series of papers Comninou et al. (1980), Schmueser et al. (1981,
1980), Comninou and Barber (1983).
Malanchuk (2011) studied the partial slip of bodies caused by
local decreasing of friction coefﬁcient under sequential loading
by normal and shear forces.
In connection with the problems of fretting fatigue at the
blade/disc interface in gas-turbine engines, the contact problems
for bodies with partially conforming surfaces became important,ll rights reserved.
alanchuk).namely, for an elastic punch with a ﬂat base and rounded edges
that is being in a contact with an elastic half-plane (McVeigh
et al., 1999). Analytical solutions for the stick-slip contact prob-
lems for such bodies are constructed in the case of its symmetrical
(Ciavarella et al., 1998) and nonsymmetrical (Goryacheva et al.,
2002; Sackﬁeld et al., 2005) contact under sequential loading by
normal and shear forces.
Sundaram and Farris (2009) constructed the analytical solution
to the problem of indentation of a half-space by a ﬂat punch with
rounded edges with simultaneous normal load, shear load and re-
mote bulk stress.
In our earlier papers (Martynyak et al., 2005a, 2006), the stick-
slip contact of bodies with identical materials having single
grooves under sequential loading have been studied. It was as-
sumed that on the ﬁrst stage, the bodies are loaded by normal
force, which leads to complete or incomplete closure of the inter-
surface gap; then on the second stage, the initiation and evolution
of friction slip zone under monotonically increasing shear forces
applied at inﬁnity are studied. It is shown that the local slip occurs
only within the groove.
In connection with the use of various technologies of microtex-
turing of moving joints surfaces (Nakano et al., 2007) to improve
their functional characteristics, the problem of investigating of
contact interaction of bodies with regular systems of grooves and
pits becomes of special importance. Goryacheva et al. (2012) inves-
tigated the stick-slip contact of two half-planes with periodically
situated grooves for complete contact of bodies under sequential
loading by normal and shear forces.
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has a groove, under sequential loading of normal forces and heat
ﬂux applied at inﬁnity transversally to the contact interface, have
been studied by Malanchuk et al. (2011). In this case, the frictional
slip near the edges of intersurface gap arises due to the thermal
deformation caused by the perturbation of temperature ﬁeld by
thermally insulated gap.
The contact of bodies with groove of the shape rðxÞ ¼
r0ð1 x2=b2Þ3=2; jxj 6 b; under simultaneous application of a
normal load and a proportional shear load has been studied by
Martynyak et al. (2005b). It was assumed that the relative shift of
the boundaries occurs only at the free surface within the intersur-
face gap. After entering into the contact, this tangential shift is irre-
spective of the further increasing of loading (the so-called ‘‘locked’’
deformation). By using the condition of boundedness of tangential
contact stresses, the problem is reduced to the Abel integral equa-
tion on the relative tangential stresses under full contact of bodies.
In this article, we extend the proposed approach (Martynyak
et al., 2005b) for the case of contact bodies, one of which has a
groove of shape rðxÞ ¼ r0ð1 x2=b2Þ1=2þn; jxj 6 b; (n = 1, 2, 3, ...),
under simultaneous application of a normal load and a propor-
tional shear load. The analytical solution to this problem is sug-
gested. Based on this solution, we provide the detailed analysis
and comparison of dependences of the shape and length of inter-
surface gap, relative shear shift of boundaries and contact stresses
on loading for three groove-forms (r(x) = r0(1  x2/b2)3/2,
r(x) = r0(1  x2/b2)5/2 and r(x) = r0(1  x2/b2)7/2).2. Description of the problem
We investigate a contact interaction between two semi-inﬁnite
isotropic elastic solids D1 and D2 made of identical materials in
Cartesian coordinate system Oxyn as shown in Fig. 1a (axis n is di-
rected along the generatrix of groove). The solid D2 has a plane
boundary. The boundary of D1 has a local sloping groove of small
depth in the segment x 2 ½b; b and described by the smooth func-
tion rðxÞ
rðxÞ ¼ r0ð1 x
2=b2Þnþ1=2; jxj 6 b;
0; jxj > b;
(
ð1Þ
where r0 and 2b are the maximum depth and length of the groove,
respectively, n ¼ 1;2; :::, and 0 < r0/b < < 1, |r0(x)| < < 1.
Before the loading is applied, the bodies are in contact along the
regions x 6 b and xP b. Due to the local perturbation of the
boundary of body D1, the intersurface gap of height
r0ð1 x2=b2Þnþ1=2 appears at the region b < x < b. Obviously, the
shape of the intersurface gap can be changed in the process of
loading.
The bodies are simultaneously loaded by the monotonically
increasing normal, P, and shear, S, forces, applied at inﬁnity
(Fig. 1b). The shear force S is proportional to the normal force P
with the coefﬁcient fFig. 1. Scheme of interaction: a – before contact; b – in contact.S ¼ fP: ð2Þ
Here 0 < f < ffr and ffr is the friction coefﬁcient. The bodies are
not sliding along the entire contact surface while this condition
is valid.
During the normal compression of the bodies, their boundaries
close within the groove and contact along new regions, which are
adjacent to the edges of the groove x = ±b. The gap length 2a and
gap height h(x) monotonically decrease as normal force P increases.
We assume that the boundaries are being in stick at the zones of
contact. The relative tangential shift of the boundaries at the gap
is caused by action of the tangential stress. At new regions of con-
tact, the boundaries are contacting with the previous relative tan-
gential shift, which does not change at this regions with further
decreasing of the gap length (due to the fact that the contacting
boundaries are being in stick). The tangential stress q(x) arises in
these regions and prevents the relative slip of the contacting
boundaries. This tangential stress q(x) is to be found. In the litera-
ture (Grinchenko and Ulitko, 2002), the previous longitudinal
deformation of contacting surfaces, that does not change in the
process of incremental loading, is known as the ‘‘locked’’ deforma-
tion. The relative tangential shift of boundaries beyond the groove
does not arise due to the match of the boundaries before loading.
Such contact equilibrium of the bodies at the regions with ‘‘locked’’
deformation is realized while the contact tangential stress remains
within the following limits:
jsxyj < 1; a 6 jxj < 1 ð3Þ
and the contact tangential stress is limited as per the Amontons–
Coulomb friction law
jsxyðx;0Þj < ffrjryðx;0Þj; a 6 jxj < 1: ð4Þ
The considered problem lies in the determination of the gap re-
gion, relative tangential shift of boundaries, and the stress-strain
state of bodies.
3. The boundary conditions of the problem
Under the above assumptions, the boundary conditions of the
problem are following:
ry ðx;0Þ ¼ rþy ðx;0Þ; sxyðx;0Þ ¼ sþxyðx;0Þ;
uðx;0Þ ¼ uþðx;0Þ; vðx;0Þ ¼ vþðx;0Þ ð5Þ
at the stick zones beyond the groove y = 0, jxjP b;
ry ðx;0Þ ¼ rþy ðx;0Þ;
sxyðx;0Þ ¼ sþxyðx;0Þ; sxyðx;0Þ ¼ qðxÞ;
vðx;0Þ  vþðx;0Þ ¼ rðxÞ ð6Þ
at the zones of contact within the groove y ¼ 0, a < jxj < b;
ry ðx;0Þ ¼ rþy ðx;0Þ; ry ðx;0Þ ¼ 0;
sxyðx;0Þ ¼ sþxyðx;0Þ; sxyðx;0Þ ¼ 0 ð7Þ
at the gap y ¼ 0, jxj < a; and
ry ¼ P; sxy ¼ S; rx ¼ 0 ð8Þ
at inﬁnity.
Hereinafter u and v are the components of the displacement-
vector; ry, rx, and sxy are the stress-tensor components; super-
scripts ‘‘+’’ and ‘‘’’ denote the limit values of functions at the
interface in D2 and D1, respectively.
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4.1. Reduction of the problem to the singular integral equations
Let us present the stresses and derivatives of displacements
in terms of the complex potentials (Muskhelishvili, 1953a;
Martynyak et al., 2005b) in the form guaranteeing the satisfaction
of condition at inﬁnity (8)
ry þ rx ¼ 4Re½UlðzÞ  P;
ry  isxy ¼ UlðzÞ UlðzÞ þ ðz zÞU0lðzÞ  P  iS;
2Gðu0 þ iv 0Þ ¼ jUlðzÞ þUlðzÞ  ðz zÞU0lðzÞ þ
3 j
4
P;
z 2 Dl; l ¼ 1;2; ð9Þ
where z ¼ xþ iy, i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
, j ¼ 3 4m, m is Poisson ratio, G stands for
shear modulus, and U1ðzÞ and U2ðzÞ denote piecewise-analytic
functions vanishing at inﬁnity U1ð1Þ ¼ U2ð1Þ ¼ 0.
We deﬁne the complex potentials U1ðzÞ and U2ðzÞ through the
function of groove height rðxÞ, relative tangential shift of bound-
aries UðxÞ ¼ uðx;0Þ  uþðx;0Þ, and the function of gap height
hðxÞ (Martynyak et al., 2005b):
U1ðzÞ ¼ ð1Þ
lG
pið1þ jÞ
Z b
b
U0ðtÞdt
t  z  i
Z b
b
r0ðtÞdt
t  z  i
Z a
a
h0ðtÞdt
t  z
( )
;
U2ðzÞ ¼ U1ðzÞ; z 2 Dl; l ¼ 1;2: ð10Þ
By substitution of formulas (10) into expressions (9), we ﬁnd
the normal and tangential stresses
ry ðx;0Þ ¼
2G
pð1þ jÞ
Z b
b
r0ðtÞdt
t  x þ
Z a
a
h0ðtÞdt
t  x
( )
 P; jxj < 1;
ð11Þ
sxyðx; 0Þ ¼ 
2G
pð1þ jÞ
Z b
b
U0ðtÞdt
t  x þ S; jxj < 1; ð12Þ
at the contact surface.
Note that the complex potentials (10) are constructed in such a
manner that they satisfy the boundary conditions of the problem
(5)–(8) excepting for the third condition in (6) and the second
and fourth conditions in (7). Substitution of expressions (11) and
(12) into latter relations yields a set of two singular integral
equations
1
p
Z a
a
h0ðtÞdt
t  x ¼ 
1
p
Z b
b
r0ðtÞdt
t  x þ
ð1þ jÞP
2G
; jxj 6 a; ð13Þ
1
p
Z b
b
U0ðtÞdt
t  x ¼
1þ j
2G
ðS QðxÞÞ; jxj 6 b ð14Þ
for determination of two unknown functions h0ðxÞ and U0ðxÞ.
Here
QðxÞ ¼ 0; jxj < a;
qðxÞ; a 6 jxj 6 b:

ð15Þ
By taking into account the physical meaning of the functions
hðxÞ and UðxÞ, they meet the following condition:
hðaÞ ¼ 0; h0ðaÞ ¼ 0; ð16Þ
UðbÞ ¼ 0; U0ðbÞ ¼ 0: ð17ÞThe second condition of (16) describes a smooth closure of the
gap faces. The ﬁst condition of (17) follows from the continuity of
the tangential displacements of the boundaries. Accordingly to
Eq. (3), the second condition of (17) provides bounded tangential
stress at the edges of the slip zone.
4.2. Solving the singular integral equation for the function of the gap
height
By substituting the derivative of function rðxÞ into Eq. (13) and
calculating the integral in the right-hand side of Eq. (13), we obtain
the singular integral equation
1
p
Z a
a
h0ðtÞdt
t  x ¼ 
ð2nþ 1Þr0
b
ð2n 1Þ!!
2nn!
þMðbÞðxÞ
 
þ ð1þ jÞP
2G
; jxj 6 a ð18Þ
for the derivative of function of gap height h0ðxÞ, where
MðbÞðxÞ ¼ b2
x2
b2
þ b4
x4
b4
þ :::þ b2n
x2n
b2n
;
b2j ¼
Xn
k¼j
ð1Þkn!
k!ðn kÞ! 
ð2k 2j 1Þ!!
ð2k 2jÞ!! ; j ¼ 1;2; :::;n: ð19Þ
Taking into consideration the second condition of (16), we can
ﬁnd the bounded (Muskhelishvili, 1953b) solution of Eq. (18) in
the form:
h0ðxÞ ¼ ð2nþ 1Þr0
b
MðcÞðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
; jxj 6 a: ð20Þ
Here
MðcÞðxÞ ¼ c1
x
a
þ c3
x3
a3
þ    þ c2n1
x2n1
a2n1
;
c2j1 ¼
Xn
k¼j
a2k1
b2k
b2k
 ð2k 2j 1Þ!!ð2k 2jÞ!! ; j ¼ 1;2; . . . ;n: ð21Þ
By integration of Eq. (20) with the ﬁrst condition of (16) in
mind, we ﬁnd the function of gap height hðxÞ
hðxÞ ¼ ð2nþ 1Þr0a
2
b
ðc1I1ðxÞ þ c3I3ðxÞ þ    þ c2n1I2n1ðxÞÞ;
jxj 6 a; ð22Þ
where
I2j1ðxÞ ¼
Xj1
k¼0
ð1Þkþ1ðj 1Þ!
k!ðj k 1Þ!ð2kþ 3Þ 1
x2
a2
 kþ32
; j ¼ 1;2; . . . ;n:
ð23Þ
Note that the bounded solution of Eq. (18) exists (Muskhelish-
vili, 1953b) when the right-hand side of Eq. (18) meets the follow-
ing equality
1
p
Z a
a
ð1þ jÞP
2G
 ð2nþ 1Þr0
b
ð2n 1Þ!!
2nn!
þMðbÞðtÞ
  
dtﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  t2
p ¼ 0:
From the last formula, we derive the equation for ﬁnding the
gap length a:
ð2n 1Þ!!
2nn!
 ð1þ jÞbP
2Gð2nþ 1Þr0 þ
Xn
k¼1
ð2k 1Þ!!
2kk!
b2k
a2k
b2k
¼ 0: ð24Þ
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tact stresses (11)
ry ðx;0Þ ¼ 0; jxj 6 a;
ry ðx;0Þ ¼
2Gr0að2nþ 1Þ
ð1þ jÞb sgn
x
a
 	 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃx2
a2
 1
r
MðcÞðxÞ; a 6 jxj 6 b;
ry ðx;0Þ¼
2Gr0ð2nþ1Þ
ð1þjÞb ð1Þ
nþ1 x
b



 



 
x2
b2
1
!n12
þa sgn
 
x
a
! ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2
a2
1
r
MðcÞðxÞ
2
4
3
5; xj jPb
ð25Þ
at entire contact surface.
4.3. Solution of the singular integral equation for the relative
tangential shift of the boundaries
By making use of Eqs. (2) and (24), we can write down the shear
force S in the following form:
S ¼ 2Gð2nþ 1Þfr0ð1þ jÞb
ð2n 1Þ!!
2nn!
þ
Xn
k¼1
ð2k 1Þ!!
2kk!
b2k
a2k
b2k
 !
: ð26Þ
By taking Eq. (26) into account, Eq. (14) appears as follows
1
p
Z b
b
U0ðtÞdt
t  x ¼
ð2nþ 1Þfr0
b
ð2n 1Þ!!
2nn!
þ
Xn
k¼1
ð2k 1Þ!!
2kk!
b2k
a2k
b2k
 !
 1þ j
2G
QðxÞ; jxj 6 b: ð27Þ
By putting a ¼ 0 in Eq. (24), we ﬁnd the value of normal force
P ¼ Gð2nþ1Þr0ð2n1Þ!!
2n1n!ð1þjÞb that leads to complete contact of bodies. Let
U0ðxÞ and q0ðxÞ denote the relative tangential shift of boundaries
and tangential stress, respectively, within the groove (jxj 6 b)
when the contact of bodies is complete (i.e., the gap is closed).
By setting a ¼ 0 in Eq. (27), we arrive at the singular integral
equation
1
p
Z b
b
U00ðtÞdt
t  x ¼
ð2nþ 1Þfr0ð2n 1Þ!!
2nn!b
 1þ j
2G
q0ðxÞ; jxj 6 b ð28Þ
for the function U00ðxÞ.
Accordingly to the fact that the shear deformations are ‘‘locked-
in’’ on the contacting zones within the groove (a 6 jxj 6 b), the
relative tangential shift of boundaries UðxÞ for a–0 is equal to
the relative tangential shift of boundaries U0ðxÞ for a ¼ 0. Thus,
we can write
UðxÞ ¼ U0ðxÞ; a 6 jxj 6 b: ð29Þ
Introduce the function DUðxÞ that describes the deviation of rel-
ative tangential shift of boundaries UðxÞ for a–0 with the relative
tangential shift of boundaries U0ðxÞ for a ¼ 0. So we can write
the function UðxÞ in the form
UðxÞ ¼ U0ðxÞ þ DUðxÞ; jxj 6 b: ð30Þ
Expressions (29) and (30) yield
DUðxÞ ¼ 0; a 6 jxj 6 b: ð31Þ
By takingEqs. (30) and (31) into consideration, Eq. (27) appears as
1
p
Z b
b
U00ðtÞdt
t  x þ
1
p
Z a
a
DU0ðtÞdt
t  x ¼
ð2nþ 1Þfr0
b
 ð2n 1Þ!!
2nn!
þ
Xn
k¼1
ð2k 1Þ!!
2kk!
b2k
a2k
b2k
 !
 1þ j
2G
QðxÞ; jxj 6 b: ð32Þ
By subtracting Eq. (28) from Eq. (32), we obtain1
p
Z a
a
DU0ðtÞdt
t  x ¼
ð2nþ 1Þfr0
b
Xn
k¼1
ð2k 1Þ!!
2kk!
b2k
a2k
b2k
 1þ j
2G
ðQðxÞ  q0ðxÞÞ; jxj 6 b: ð33Þ
By writing Eq. (33) at the interval jxj 6 awith use of Eq. (15), the
singular integral equation
1
p
Z a
a
DU0ðtÞdt
t  x ¼
ð2nþ 1Þfr0
b
Xn
k¼1
ð2k 1Þ!!
2kk!
b2k
a2k
b2k
þ 1þ j
2G
q0ðxÞ;
jxj 6 a ð34Þ
can be obtained for the function DU0ðxÞ.
The bounded solution of Eq. (34) exists (Muskhelishvili, 1953b),
when the right-hand side of Eq. (34) satisﬁes equality
Z a
a
ð2nþ 1Þfr0
b
Xn
k¼1
ð2k 1Þ!!
2kk!
b2k
a2k
b2k
þ 1þ j
2G
q0ðtÞ
" #
dtﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  t2
p ¼ 0
from which we get the Abel equation
Z a
0
q0ðtÞdtﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  t2
p ¼ Gpð2nþ 1Þfr0ð1þ jÞb
Xn
k¼1
ð2k 1Þ!!
2kk!
b2k
a2k
b2k
for ﬁnding the contact tangential stress q0ðxÞ for closed gap. By solv-
ing this equation, we ﬁnd
q0ðxÞ ¼ 
2Gð2nþ 1Þfr0
ð1þ jÞb M
ðnÞðxÞ; ð35Þ
where
MðnÞðxÞ ¼ n2
x2
b2
þ n4
x4
b4
þ :::þ n2n
x2n
b2n
;
n2j ¼
ð2jþ 1Þð2j 1Þ!!
2j
b2j
Xj
i¼0
ð1Þi
i!ðj iÞ!ð2iþ 1Þ ; j ¼ 1;2; . . . ;n:
ð36Þ
By taking into account Eq. (35), we ﬁnd the bounded solution of
Eq. (34). Then by integration of this solution with the condition
DUðaÞ ¼ 0 in mind (that implies from the Eq. (31)), we ﬁnd the
function DUðxÞ as
DUðxÞ ¼ ð2nþ 1Þfr0a
b
ðu1I1ðxÞ þu3I3ðxÞ þ    þu2n1I2n1ðxÞÞ;
jxj 6 a; ð37Þ
where
u2j1 ¼
Xn
k¼j
n2k
a2k
b2k
 ð2k 2j 1Þ!!ð2k 2jÞ!! ; j ¼ 1;2; . . . ;n ð38Þ
Now, by writing Eq. (33) at the interval a 6 jxj 6 b, we can ﬁnd
the tangential stress qðxÞ
qðxÞ ¼ 2G
1þ j
ð2nþ 1Þfr0
b
Xn
k¼1
ð2k 1Þ!!
2kk!
b2k
a2k
b2k
MðnÞðxÞ
 !"
 1
p
Z a
a
DU0ðtÞdt
t  x

; a 6 jxj 6 b
at the zones of contact within the groove.
Having found the integral in the right-hand side of the latter
equation, we obtain
qðxÞ ¼ 2Gð2nþ 1Þfr0ð1þ jÞb sgn
x
a
 	
MðuÞðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2
a2
 1
r
; a 6 jxj 6 b; ð39Þ
where
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x
a
þu3
x3
a3
þ    þu2n1
x2n1
a2n1
: ð40Þ
By making use of Eq. (35), Eq. (28) appears as
1
p
Z b
b
U00ðtÞdt
t  x ¼
ð2nþ 1Þfr0
b
ðð2n 1Þ!!
2nn!
þMðnÞðxÞÞ; jxj 6 b: ð41Þ
By ﬁnding the bounded solution of Eq. (41) and then by inte-
grating the result with the condition U0ðbÞ ¼ 0 (that implies from
the ﬁrst condition of (17) and Eq. (29)) in mind, we obtain the rel-
ative tangential shift of boundaries U0ðxÞ
U0ðxÞ ¼ ð2nþ 1Þfr0ðw1J1ðxÞ þ w3J3ðxÞ þ    þ w2n1J2n1ðxÞÞ;
jxj 6 b ð42Þ
for closed gap. Here
w2j1 ¼
Xn
k¼j
n2k 
ð2k 2j 1Þ!!
ð2k 2jÞ!! ; j ¼ 1;2; . . . ;n;
J2j1ðxÞ ¼
Xj1
k¼0
ð1Þkþ1ðj 1Þ!
k!ðj k 1Þ!ð2kþ 3Þ 1
x2
b2
 kþ32
; j ¼ 1;2; . . . ; n: ð43Þ
By substitution of Eqs. (37) and (42) into Eq. (30), we ﬁnd the
relative tangential shift of boundaries:
UðxÞ ¼ ð2nþ 1Þfr0
a
b
ðu1I1ðxÞ þu3I3ðxÞ þ    þu2n1I2n1ðxÞÞ

 w1J1ðxÞ þ w3J3ðxÞ þ    þ w2n1J2n1ðxÞÞð Þ; jxj 6 a;
UðxÞ ¼ ð2nþ 1Þfr0ðw1J1ðxÞ þ w3J3ðxÞ þ :::þ w2n1J2n1ðxÞÞ;
a 6 jxj 6 b: ð44Þ
Taking into account Eqs. (44) and (26), we ﬁnd the contact tan-
gential stresses (12)
sxyðx;0Þ ¼ 0; jxj 6 a;
sxyðx;0Þ ¼ 
2Gð2nþ 1Þfr0
ð1þ jÞb sgn
x
a
 	
MðuÞðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2
a2
 1
r
; a 6 jxj 6 b;
sxyðx;0Þ¼
2Gð2nþ1Þfr0
ð1þjÞb ð1Þ
n x
b



 


 x2
b2
1
 n12
sgn x
a
 	 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃx2
a2
1
r
MðuÞðxÞ
" #
;
jxjPb ð45Þ
at entire contact surface. Eqs. (25) and (45) describe the stress–
strain state of contacting bodies.
4.4. The maximum shear stress and principal stress
By using of Eqs. (9), (25), (45), and formulas
smax ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2xy þ
ry  rx
2
 	2r
; r1 ¼ ry þ rx2 þ smax;
r2 ¼ ry þ rx2  smax;
we ﬁnd the maximum surface shear stress smax and surface
principal stresses r1 and r2
smaxðx;0Þ¼
Gð2nþ1Þr0
ð1þjÞb
 MðuÞðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1x
2
a2
r
MðwÞðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1x
2
b2
s !
2f þð2n1Þ!!
2nn!
þMðbÞðxÞþaMðgÞðxÞ
 !
;
jxj6a;smaxðx;0Þ ¼
Gð2nþ 1Þr0
ð1þ jÞb
2fMðwÞðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x
2
b2
s
þ ð2n 1Þ!!
2nn!
þMðbÞðxÞ þ aMðgÞðxÞ
 !20@
þ 4f 2 x
2
a2
 1
 
ðMðuÞðxÞÞ2
1
2
; a 6 jxj 6 b;
smaxðx;0Þ ¼
Gð2nþ 1Þr0
ð1þ jÞb
ð2n 1Þ!!
2nn!
þMðbÞðxÞ þ aMðgÞðxÞ
 2 
þ 4f 2 ð1Þn x
b



 


 x2
b2
 1
 n1=2
 sgn x
a
 	
MðuÞðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2
a2
 1
r !21A
1
2
;
xjP b;j ð46Þ
r1 ðx;0Þ ¼
2Gð2nþ 1Þr0
ð1þ jÞb ðM
ðuÞðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x
2
a2
r
MðwÞðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x
2
b2
s
Þ  2f
 
þ ð2n 1Þ!!
2nn!
þMðbÞðxÞ þ aMðgÞðxÞ

; jxj 6 a;
r2 ðx;0Þ ¼ 0; jxj 6 a;
r1;2ðx;0Þ ¼
Gð2nþ 1Þr0
ð1þ jÞb
 2fMðwÞðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x
2
b2
s
þ ð2n 1Þ!!
2nn!
þMðbÞðxÞ
"
þaMðgÞðxÞ þ 2a sgn x
a
 	
MðcÞðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2
a2
 1
r
 ð2fMðwÞðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x
2
b2
s
þ ð2n 1Þ!!
2nn!
þMðbÞðxÞ
 
þaMðgÞðxÞÞ2 þ 4f 2 x
2
a2
 1
 
ðMðuÞðxÞÞ2
1
2
#
; a 6 jxj 6 b;
r1;2ðx;0Þ¼
Gð2nþ1Þr0
ð1þjÞb
ð2n1Þ!!
2nn!
þMðbÞðxÞþaMðgÞðxÞ

þ2ð1Þnþ1 x
b



 


 x2
b2
1
 n1=2
þ2a sgn x
a
 	
MðcÞðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2
a2
1
r
 ð2n1Þ!!
2nn!
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b2
1
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MðuÞðxÞ
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x2
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1
r !21A
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75; jxjPb: ð47Þ
Here
MðwÞðxÞ ¼ w1
x
b
þ w3
x3
b3
þ    þ w2n1
x2n1
b2n1
; ð48Þ
MðgÞðxÞ ¼ g0 þ g2
x2
a2
þ g4
x4
a4
þ    þ g2n
x2n
a2n
;
g0 ¼
Xn
k¼1
c2k1 
ð2k 3Þ!!
ð2kÞ!! ;
g2j ¼ c2j1 þ
Xn
k¼jþ1
c2k1 
ð2k 2j 3Þ!!
ð2k 2jÞ!! ; j ¼ 1;2;    ;n 1;
g2n ¼ c2n1:
Fig. 2. The shape of the groove.
Fig. 3. Dependency of gap semi-length on normal force.
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to the r2 .5. Numerical results and discussion
Consider three special cases of the groove given by the formula
(1) for n ¼ 1;2;3. Expressions for the boundary shape of the bodyFig. 4. The heigh
Fig. 5. The relative tangentD1, height and semi-length of the gap, contact normal and tangen-
tial stresses, relative tangential shift of boundaries, maximum sur-
face shear stresses, and surface principal stresses are given in
Appendix A.
The obtained analytical results for cases n ¼ 1;2;3 are illus-
trated in Figs. 2–8, where the dimensionless parameters x ¼ x=b,
a ¼ a=b, r0 ¼ r0=b, U ¼ U=b, q ¼ q=G, ry ¼ ry=G, sxy ¼ sxy=G,
P ¼ P=G, S ¼ S=G, smax ¼ smax=G, r1 ¼ r1=G were introduced and
all the calculations were performed for the proportional coefﬁcient
f ¼ 0:1, maximal depth of the groove r0 ¼ 103, and Poisson ratio
m ¼ 0:2.
The shapes of grooves are depicted in Fig. 2 for the cases n ¼ 1
(curve 1), n ¼ 2 (curve 2) and n ¼ 3 (curve 3).
Fig. 3 illustrates the nonlinear dependence of the gap semi-
length a on the normal force P for the cases n ¼ 1 (curve 1),
n ¼ 2 (curve 2) and n ¼ 3 (curve 3). The gap semi-length decreases
when the normal force increases.
In Figs. 4–8, curve 1 corresponds to the value of normal force
P ¼ 3  104, curve 2 corresponds to P ¼ 6  104, curve 3 corre-
sponds to P ¼ 9  104. In Fig. 5, curve 4 corresponds to normal
force Pcl for closed gap (Pcl ¼ 9:375  104 if n ¼ 1,
Pcl ¼ 1:172  103 if n ¼ 2, Pcl ¼ 1:367  103 if n ¼ 3).
In Fig. 4 the gap height h is shown for some values of normal
force P. The gap height decreases with increasing the normal force
and assumes its maximum value in the center of gap.
The distribution of the relative tangential shift of boundaries U
at the groove is illustrated in Fig. 5 for some values of P. The rela-
tive tangential shift of boundaries increases with increasing of the
normal force and assumes its maximum in the center of groove. In
each case, curve 4 (that corresponds to normal forces Pcl when the
gap is closed) covers all the curves for lesser values of normal
forces. Each curve for lesser values of the normal force consists
of three parts: a central, that corresponds to the gap region for gi-
ven loading, and two symmetric parts, those coincide with curve 4
and correspond to the zones of contact within the groove. This re-
ﬂects the fact that the shear deformations are ‘‘locked-in’’ on the
surface regions, which have contacted, within the groove. Thist of the gap.
ial shift of boundaries.
Fig. 6. Distribution of contact tangential stress.
Fig. 7. Distribution of the maximum surface shear stress.
Fig. 8. Distribution of the surface principal stress.
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relative tangential shift of surface points after they were contact-
ing, is irrespective for further increasing of the loading.
Fig. 6 depicts the distribution of contact tangential stress sxy for
some values of P. In all three cases, the tangential stress increases
with increasing of the normal force P. The tangential stress as-
sumes its maximum at the edges of groove in the case n ¼ 1, and
near the edges of groove in the cases n ¼ 2 and n ¼ 3. We can
see that the maximum of the tangential stress is getting closer to
the center of groove with increasing the rate n. Horizontal central
regions on the graphs correspond to the zero contact tangential
stress at the gap. Beyond the groove, the contact tangential stress
asymptotically approaches to the tangential stress at inﬁnity.
Fig. 7 shows the distribution of the maximum surface shear
stress smax in the body D1 for the cases n ¼ 1, n ¼ 2, and n ¼ 3 at
some values of normal force P. As we can observe, the extreme va-
lue arises within the groove. In all three cases, the maximum sur-
face shear stress smax reaches its maximum at the edge of the gap
for the lesser value of P (curve 1) and at the contact zone within the
groove for the greater values of P (curves 2, 3). According to the cri-
terion of maximum shear stress, for plastic materials the plastic
yielding necessarily occurs near the edge of the gap or at the
contact zone within the groove.The distribution of surface principal stress r1 in the body D1 for
the cases n ¼ 1, n ¼ 2, and n ¼ 3 at some values of normal force P is
demonstrated in Fig. 8.
In all three cases, the surface principal stress r1 beyond the gap
is smaller than the surface principal stress r1 at the gap. It is worth
nothing that there is a zone within the groove where the stress r1
becomes tensile (Fig. 8). This effect is caused by the existence of
the local geometric excitation at one of the boundaries of the con-
tacting bodies. The surface principal stress reaches its maximum at
the right edge of the gap. According to the criterion of maximum
principal stress, for brittle materials the most possible region of
the crack initiation is located at the edge of the gap.6. Conclusions
The method for investigation of the interaction of two isotropic
bodies with local surface irregularities under simultaneous appli-
cation of a normal load and a proportional shear load (when the ra-
tio between applied monotonically increasing normal and shear
forces remains constant) is developed. This method is based on
the condition that the relative shift of the boundaries occurs only
at the free surface within the intersurface gap, and, after entering
N. Malanchuk, R. Martynyak / International Journal of Solids and Structures 49 (2012) 3422–3431 3429into the contact, this tangential shift is irrespective of the further
increase in loading (the so-called ‘‘locked’’ deformation). For spec-
iﬁed form of the groove, the solution is obtained in closed form.
The analysis of contact parameters of the contacting couple on ap-
plied loading is carried out. It is shown that the gap semi-length
and height decrease when the normal force increases. The gap
height reaches its maximum value in the center of gap. The relative
tangential shift of boundaries increases with increasing of the nor-
mal force and assumes its maximum value in the center of groove.
The tangential stress increases with increasing of applied loading
and assumes its maximum at the edges of groove or near to them.
It is revealed that the contact normal and shear stresses at each
moment of loading are proportional to each other with the same
proportional coefﬁcient as the applied normal and shear forces.
Based on the classical strength criteria, namely the criterion of
maximum shear stress and the criterion of maximum principal
stress, it is shown that for plastic materials the plastic yielding nec-
essarily occurs near the edge of the gap or at the contact zone with-
in the groove, and for brittle materials the most possible region of
the crack initiation is located at the edge of the gap.
Appendix A
Relations (22), (24), (25), (44)–(47) have been used for calcula-
tion of the desired contact parameters of the problem.
Let us denote Rða; b; xÞ ¼ x2
b2
 a2
b2
, K ¼ Gr0ð1þjÞb, A ¼ 1 a
2
b2
,
FðxÞ ¼ x2
b2
þ a2
2b2
 32, F1ðxÞ ¼ 158  54 a
2
b2
þ 38 a
4
b4
 ð5 a2
b2
Þ x2
2b2
þ x4
b4
, F2ðxÞ ¼
5
2 3a
2
2b2
 x2
b2
, F3ðxÞ ¼ 358  214 a
2
b2
þ 158 a
4
b4
 7x2
2b2
þ 32 a
2x2
b4
þ x4
b4
.
A.1. Case n ¼ 1
The boundary of body D1 has a form
rðxÞ ¼ r0ð1 x
2=b2Þ3=2; jxj 6 b;
0; jxjP b;
(
the gap height
hðxÞ ¼ r0ðRða; b; xÞÞ3=2; jxj 6 a;
the semi-length of gap
a ¼ b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 P=3K
p
;
the contact normal stresses
ry ðx;0Þ ¼ 0; jxj 6 a;
ry ðx;0Þ ¼ 6Kjx=bj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
; a 6 jxj 6 b
ry ðx;0Þ ¼ 6Kjx=bj½
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rðb; b; xÞ
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
; jxjP b;
the relative tangential shift of boundaries
UðxÞ ¼ fr0ððRðb; b; xÞÞ3=2  ðRða; b; xÞÞ3=2Þ; jxj 6 a;
UðxÞ ¼ fr0ðRðb; b; xÞÞ3=2; a 6 jxj 6 b;
the contact tangential stresses
sxyðx;0Þ ¼ 0; jxj 6 a;
sxyðx;0Þ ¼ 6Kf jx=bj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
; a 6 jxj 6 b;
sxyðx;0Þ ¼ 6Kf jx=bj½
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rðb; b; xÞ
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
; jxjP b;
the maximum surface shear stressessmaxðx;0Þ ¼ 3Kð2fx=bð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rðb; b; xÞ
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
Þ þ A=2Þ;
jxj 6 a;
smaxðx;0Þ ¼ 3K
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2fx=b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rðb; b; xÞ
q
þ A=2Þ2 þ 4f 2x2=b2Rða; b; xÞ
r
;
a 6 jxj 6 b;
smaxðx;0Þ ¼ 3K
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A2=4þ 4f 2x2=b2ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rðb; b; xÞ
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
Þ2
r
;
jxjP b;
the surface principal stresses
r1ðx;0Þ ¼ 3Kð4fx=bð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rðb; b; xÞ
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
Þ þ AÞ; jxj 6 a;
r2ðx;0Þ ¼ 0; jxj 6 a;
r1;2ðx;0Þ ¼ 3K 2fx=b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rðb; b; xÞ
q
þ A=2 2jx=bj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2fx=b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rðb; b; xÞ
q
þ A=2Þ2 þ 4f 2x2=b2Rða; b; xÞ
r #
; a 6 jxj 6 b;
r1;2ðx;0Þ ¼ 3K A=2þ 2jx=bjð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rðb; b; xÞ
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
Þ


ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A2=4þ 4f 2x2=b2ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rðb; b; xÞ
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
Þ2
r #
; jxjP b:
It is worth noting that these results are in agreement with re-
sults in (Martynyak et al., 2005b).A.2. Case n ¼ 2
The boundary of body D1 has a form
rðxÞ ¼ r0ð1 x
2=b2Þ5=2; jxj 6 b;
0; jxjP b;
(
the gap height
hðxÞ ¼ r0ðRða; b; xÞÞ3=2F2ðxÞ; jxj 6 a;
the semi-length of gap
a ¼ b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4P=15K
pq
;
the contact normal stresses
ryðx;0Þ ¼ 0; jxj 6 a;
ryðx;0Þ ¼ 10Kjx=bj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
FðxÞ; a 6 jxj 6 b;
ryðx;0Þ ¼ 10Kjx=bjððRðb; b; xÞÞ3=2 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
FðxÞÞ; jxjP b;
the relative tangential shift of boundaries
UðxÞ ¼ fr0ððRðb; b; xÞÞ5=2  ðRða; b; xÞÞ3=2F2ðxÞÞ; jxj 6 a;
UðxÞ ¼ fr0ðRðb; b; xÞÞ5=2; a 6 jxj 6 b;
the contact tangential stresses
sxyðx;0Þ ¼ 0; jxj 6 a;
sxyðx;0Þ ¼ 10fKjx=bj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
FðxÞ; a 6 jxj 6 b;
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
FðxÞ; jxjP b;
the maximum surface shear stresses
smaxðx;0Þ¼5K 2fx=b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða;b;xÞ
q
FðxÞþðRðb;b;xÞÞ3=2
 
þ3A2=8
 
; jxj6a;
smaxðx;0Þ¼5K ð2fx=bðRðb;b;xÞÞ3=2þ3A2=8Þ2þ

4f 2
x2
b2
Rða;b;xÞðFðxÞÞ2
1
2
;
a6 jxj6b;
smaxðx;0Þ¼5K 9A4=64þ

4f 2
x2
b2
ðRðb;b;xÞÞ3=2


ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða;b;xÞ
q
FðxÞ
2!12
; jxjPb;
the surface principal stresses
r1ðx;0Þ ¼ 10K 2f xb
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
FðxÞ

þ ðRðb; b; xÞÞ3=2
	
þ 3A2=8
	
;
jxj 6 a;
r2ðx;0Þ ¼ 0; jxj 6 a;
r1;2ðx;0Þ¼5K 2fx=bðRðb;b;xÞÞ3=2þ3A2=8þ2jx=bj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða;b;xÞ
q
FðxÞ 2f x
b
ðRðb;b;xÞÞ3=2þ3A2=8
 	2
þ4f 2x2=b2Rða;b;xÞðFðxÞÞ2
 1
2
#
;
a6 jxj6b;
r1;2ðx;0Þ ¼ 5K 3A2=8þ 2jx=bj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
FðxÞ  ðRðb; b; xÞÞ3=2
 
 9A4=64þ 4f 2x2=b2 ðRðb; b; xÞÞ3=2 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
FðxÞ
 2 !1=235;
jxjP b:A.3. Case n ¼ 3
the boundary of body D1 has a form
rðxÞ ¼ ll r0ð1 x
2=b2Þ7=2; jxj 6 b;
0; jxjP b;
(
the gap height
hðxÞ ¼ r0ðRða; b; xÞÞ3=2F3ðxÞ; jxj 6 a;
the semi-length of gap
a ¼ b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8P=35K3
pq
;
the contact normal stresses
ry ðx;0Þ ¼ 0; jxj 6 a;
ry ðx;0Þ ¼ 14Kjx=bj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
F1ðxÞ; a 6 jxj 6 b;
ry ðx;0Þ ¼ 14Kjx=bjððRðb; b; xÞÞ5=2 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
F1ðxÞÞ; jxjP b;
the relative tangential shift of boundaries
UðxÞ ¼ fr0ððRðb; b; xÞÞ7=2  ðRða; b; xÞÞ3=2F3ðxÞÞ; jxj 6 a;
UðxÞ ¼ fr0ðRðb; b; xÞÞ7=2; a 6 jxj 6 b;
the contact tangential stressessxyðx;0Þ ¼ 0; jxj 6 a;
sxyðx;0Þ ¼ 14fKjx=bj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
F1ðxÞ; a 6 jxj 6 b;
sxyðx;0Þ ¼ 14fKjx=bjððRðb; b; xÞÞ5=2 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
F1ðxÞÞ; jxjP b;
the maximum surface shear stresses
smaxðx;0Þ¼7Kð2fx=bð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða;b;xÞ
q
F1ðxÞþðRðb;b;xÞÞ5=2Þþ5A3=16Þ;
jxj6a;
smaxðx;0Þ ¼ 7K ð2fx=bðRðb; b; xÞÞ5=2 þ 5A3=16Þ2

þ 4f 2x2=b2Rða; b; xÞðF1ðxÞÞ2
	1=2
; a 6 jxj 6 b;
smaxðx;0Þ ¼ 7K
 
25A6=256þ 4f 2x2=b2

ðRðb; b; xÞÞ5=2þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
ðF1ðxÞÞ
2!12
; jxjP b;
the surface principal stress
r1ðx;0Þ ¼ 14K 2fx=bð 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
F1ðxÞ
þ ðRðb; b; xÞÞ5=2
	
þ 5A3=16
	
; jxj 6 a;
r2ðx;0Þ ¼ 0; jxj 6 a;
r1;2ðx;0Þ ¼ 7K 2fx=bðRðb; b; xÞÞ5=2 þ 5A3=16
h
þ 2jx=bj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
ðF1ðxÞÞ  2fx=bðRðb; b; xÞÞ5=2 þ 5A3=16
 	2
þ 4f 2x2=b2Rða; b; xÞðF1ðxÞÞ2
	1=2
; a 6 jxj 6 b;
r1;2ðx;0Þ ¼ 7K
"
5A3=16þ 2jx=bjðRðb; b; xÞÞ5=2
þ2jx=bj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
ðF1ðxÞÞ
 25A6=256þ4f 2x2=b2ððRðb; b; xÞÞ5=2

þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rða; b; xÞ
q
ðF1ðxÞÞÞ2
1=2#
; jxjP b:
Comparing the expression for the contact normal stress and the
expression for the contact tangential stress in all three cases, we
can see that the contact tangential stress is proportional to the con-
tact normal stress with coefﬁcient f. Due to the fact that the coef-
ﬁcient f is smaller than the frictional coefﬁcient (f < ffr), the above
conclusion shows that the condition of physical correctness (4) is
also fulﬁlled.
It should be noted that the solution of the problem about pro-
portional loading of bodies with the surface proﬁle described by
the wide collection of the functions Aa|x|a (where a > 0) for the case
of small areas of contact was constructed in (Jaeger, 1997).
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